A group of odd order G with Op(G) = 1 has a block of defect less than [n/2], where p" = \G\p . In addition, if G is supersolvable by nilpotent, G has a block of defect zero.
Introduction
It is an interesting problem to give necessary and sufficient conditions for the existence of p-blocks of defect zero. If a finite group G has a block of defect zero, it is well known that Op(G) = 1, although, of course, this is not a sufficient condition. Ito proved [3, X.6.5] that if G is a nilpotent by nilpotent group of odd order, then G has a block of defect zero iff Op(G) -1.
Recent results on regular orbit theorems have associated conditions for the existence of blocks of defect zero [1] . For groups of odd order, with Op{G) = 1, the exceptions are essentially nilpotent by supersolvable as Theorem 1 of [1] shows us.
In general, we try to find the smallest defect d(B) of a block B of G. This is given in Theorem A below. Theorem A. Let G be a {solvable) group of odd order such that Op(G) = 1 and \G\P = p". Then G contains a p-block B such that d(B) < [n/2]. The bound is best possible.
It is not true in general that there exists a block B with d(B) < [n/2], as G = A1 (p -2) shows us.
By work of Michler and Willems [7, 8] every simple group except possibly the alternating group has a block of defect zero for p > 5. Perhaps the following has an affirmative answer.
Question. If G is a finite group with Op(G) = 1, p > 5, and \G\P -p" , does G contain a block of defect less than [n/2] ?
If SF is the class of supersolvable by nilpotent groups, we can prove the following. The next lemma is a key tool for proving Theorem A. We denote by F(G) the Fitting subgroup of the group G. 
We consider separately two cases.
(1) \C\p<\G\p]/2. Take x € Irr(G) lying over X and let B be the p-block of G containing x ■ As T^G) is a p'-group, Lemma V.2.3 of [3] shows that every irreducible character y/ in B has X as an irreducible constituent. Now y/(\)p > \G:IG(X)\p>\G\pXI2.
The result follows. is a faithful and completely reducible T'/7r2(G)-module. By Gow's regular orbit theorem [4, 2.6], we have ß e W such that Cp(¡u) = F2(G). We may view ¡x as a character of the preimage X of Y in G. Observe that X is a p'-group. Take x € Irr(G) lying over /u. Now x lies over an irreducible character y/ of P lying over ß. Clearly, y/(\)p > \F¡(G)/F2(G)\P > \G\p1'2. As P is normal in G, we have #(l)p > w(l)p ■ Now the same argument as in case ( 1 ) completes the proof.
To show that the bound is best possible, consider two odd primes p and q such that q = 1 (mod p ). Now (qp -\)/q-1 is odd and (qp -Y)/q-f)P =P-Now Cp x GF(qp)* acts on GF(qp)+ , Cp acting as a Galois automorphism. Thus 77 = Cp x C(?P_i/g_i) acts on V = Cq x • • • x Cq (p times) and V does not contain any regular 77-orbit. Consider X = 77 x V and let G be the direct product of m copies of X. Then, if x € Irr(G), we have xWp < Pm ■ Thus d(B) > m for any p-block of G and \G\P = p2m .
Supersolvable by nilpotent groups
We need a regular orbit theorem for proving Theorem B. It is a slight generalization of [4, 2.6] 3.1. Theorem. Let G be a group of odd order and let V be a faithful irreducible KG-module, where K is a field of odd characteristic q. Assume that G is pnilpotentfor some prime p ^ q and that
where each V¡ is a l-dimensional KOp>(G)-module. Then there exists v e V such that CG(v) -1. Proof. We induct on \G\.
Write 77 = Opi(G). We claim that VH is not homogeneous. Let W be an irreducible submodule of VH and let 7 = {g e G | W g = W as TvTT-modules}. By hypothesis, dim*: W -1 .
If I = G, then IF is a faithful l-dimensional TCTT-module and V is 7C77-homogeneous.
A well-known argument implies that 77 is contained in Z(G). Then G is nilpotent and since V is faithful, q does not divide \G\. Now, Gow's regular orbit theorem [4. 2.6] gives us v e V such that CG(v) = 1.
Thus, we may assume that Vu is not homogeneous. Then, we may find a normal subgroup N of G of index p and an irreducible Tí TV-module U with UG = V such that W is an irreducible submodule of Uh ■ By Clifford's theorem, we may apply induction to N and find u e U such that
If xi, ... , xp is a set of coset representatives of TV" in G, by using the facts that nu^ -u V« e N (because q and \G\ are odd) and that coreG(C/v(«)) = CG(V) = 1, it can be checked that CG(v) = 1, where
This finishes the proof of the theorem.
Recall that a group G has a p-block of defect zero if it has an irreducible character x with x(\)p = \G\p . Suppose that Ge^" with \G\ odd. We prove that G has a p-defect zero character by induction on \G\.
Let TV be a normal supersolvable subgroup of G such that G/N is nilpotent. Let P be a Sylow p-subgroup of G and let F = F (G) be the Fitting subgroup of G. Thus XG € Irr(G), XG has p-defect zero and the proof is complete.
